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Matrix Algebra, Basics of

Ayman Badawi
Department of Mathematics, American
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Synonyms

Addition and subtraction of matrices; Augmented
matrix; Consistent and inconsistent system;
Cramer rule; Determinant of a matrix; Echelon
form; Elementary matrix; Invertible (nonsin-
gular) matrices; Multiplication - of - matrices;
Symmetric and skew-symmetric _matrices;
Transpose of a matrix

Glossary

Matrix n x m A matrix is a block consisting of
n row and m column. An entry in a matrix B
located in the ith row and jth column of B is
denoted by b;;

Consistent and Inconsistent System of Linear
Equations A system of linear equations is
said to be consistent if it has a solution, and
it is called inconsistent if it has no solutions

Augmented Matrix An augmented matrix of a
system of linear equations written in matrix-
form CX = B is a matrix of the form [C|B],
where C is the coefficient matrix of the system
and B is the constant column of the system

Transpose of a Matrix The transpose of a ma-
trix A is denoted by AT such that a}; =aj;
Symmetric Matrix and Skew-Symmetric
Matrix A square matrix A, n X n, is said
to be symmetric if A7 = A, and it is called a

skew=symmetric if AT = —4

Identity Matrix /, Let n > 2 be a positive
integer. Then B = I, is the square matrix,
nxn, where b;; = 1ifi = j and b;; = 0 if
i # jIf Aisann X m matrix, then Al,, = A
and [,A = A.

Elementary Matrix An elementary matrix is a
matrix which differs from the identity matrix
(I,) by one single elementary row operation

Equivalent Matrices Two matrices are equiv-
alent if each is obtained from the other by
applying a sequence of row operations

Invertible (Nonsingular) Matrix A square ma-
trix A, n X n, is said to be invertible or nonsin-
gular if there exists a matrix n x n denoted by
A~ 'suchthat AA™! = A7'A = I,

Determinant of a Matrix The determinant is a
value associated with a square matrix. It can
be computed from the entries of the matrix by
a specific arithmetic expression, while other
ways to determine its value exist as well.
Determinants occur throughout mathematics.
The use of determinants in calculus includes
the Jacobian determinant in the substitution
rule for integrals of functions of several vari-
ables. They are used to define the characteris-
tic polynomial of a matrix that is an essential
tool in eigenvalue problems in linear algebra
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Cramer Rule Cramer’s rule is an explicit
formula for the solution of a system of
linear equations with as many equations as
unknowns, valid whenever the system has
a unique solution. It expresses the solution
in terms of the determinants of the (square)
coefficient matrix and of matrices obtained
from it by replacing one column by the
constant column of right hand sides of the
equations. It is named after Gabriel Cramer
(1704-1752)

Definition

In this entry, we describe all basic matrix oper-
ations: Addition, subtraction, and multiplication.
We show the importance of matrices in studying
system of linear equations (augmented matrix
and row operations). We show different meth-
ods used in calculating determinant of a square
matrix. We show the importance of determinant
in solving system of linear equations (Cramer
rule) and in finding the inverse of a matrix (Ad-
joint method).

Introduction

Graphs are very useful ways of presenting
information about social networks. However,
when there are many actors and/or many kinds
of relations, they can become so visually
complicated thatit is very difficult to see patterns.
It is also possible to represent information
about social networks in the form of matrices.
Representing the information in this way also
allows the application of mathematical and
computer tools to summarize and find patterns.
Social network analysts use matrices in a number
of different ways. So, understanding a few
basic things about matrices from mathematics
is necessary. For example, the simplest and most
common matrix is binary. That is, if a tie is
present, a one is entered in a cell; if there is no
tie, a zero is entered. This kind of a matrix is
the starting point for almost all network analysis
and is called an “adjacency matrix” because it
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represents who is next to or adjacent to whom in
the “social space” mapped by the relations that
we have measured. The following is an example
of a binary matrix:

0 1
0 O
0 1 0

Matrices and linear algebra are surely insepa-
rable subjects, and they are important “concepts”
needed in many aspects of real life science.
The subject of linear algebra can be partially
explained by the meaning of the two terms
comprising the title. We can understand “linear”
to mean anything that is “straight” or “flat”. For
example, in the xy-plane we are accustomed to
describing straight lines as the set of solutions
to an equation of the form y = mx + b,
where the slope m and the y-intercept b are
constants that together describe the line. Living
in three dimensions, with coordinates described
by triples (x,y,z), they can be described as
the set of solutions to equations of the form
ax +by +cz =d, where a,b,c,d are con-
stants that together determine the plane. While
we might describe planes as “flat”, lines in three
dimensions might be described as “straight”.
From a multivariate calculus course, we recall
that lines are sets of points described by equations
suchasx = 3r —4,y = =7t + 2,z = 9¢, where
t is a parameter that can take on any value.

Another view of this notion of “flatness” is to
recognize that the sets of points just described are
solutions to equations of a relatively simple form.
These equations involve addition and multipli-
cation only. Here are some examples of typical
equations:

2x +3y —4z =134
X1 +5x—x34+x44+x5=0

9a —2b +7c +2d = —17

What we will not see in a linear algebra course
are equations like:

xy +5yz =13x; + xg/x4 —X3x4x§ =0
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cos(ab) + log(c —d) = -2

A system of linear equations in several un-
knowns is naturally represented using the formal-
ism of matrices.

The word “algebra” is used frequently in
mathematical preparation courses. Most likely,
we have spent a good 10-15 years learning
the algebra of the real numbers, along with
some introduction to the very similar algebra
of complex numbers. However, there are many
new algebras to learn and use, and likely, linear
algebra and matrix operations will be our second
algebra. Like learning a second language, the
necessary adjustments can be challenging at
times, but the rewards are many. And it will
make learning our third and fourth algebras
even easier. Perhaps, “groups” and “rings” are
excellent examples of other algebras with very
interesting properties and applications.

The brief discussion above about lines and
planes suggests that linear algebra has an inher-
ently geometric nature, and this is true. Examples
in two and three dimensions can be used -to
provide valuable insight into important concepts
of this subject.

The material presented here can be found in
every textbook on basic linear algebra. Since
there are so many textbooks on basic linear
algebra, and we cannot list all of them, we
refer to a few books here. For example, Axler
(1997), Bernstein (2005), Beezer (2004), Blyth
and Robertson (2002), Kaw (2011), Lang (1986),
Lay (2003), Robbiane (2011), and Shores (2007).

System of Linear Equations

Matrices play an important role in solving a
system of linear equations as we will see later on
in this section. Let R be the set of all real numbers
and C be the set of all complex numbers. Then
R" = {(ay,a2,...,a,) | a1,az,...,a, € R}
and C" = {(ay,az,...,an) | ar,as,...,a, €
C}. An element of R" (C") is called a point.

A system of linear equations is a collection of
m equations with n variable x1, x2, x3,..., X, of
the form

18:56 — page 3 — #4

3
anxi +apxy +apxs+ ...+ aux, =b
anxi + anxy +anxs + ...+ amx, =b
az1xy + anx; +axz + ...+ aux, = bs
)]
Am1 X1 + AmaXo + Am3X3 + ...+ AmnXn = b

where a;j,b; € R (e C).

A point (ay,...,a,) € R" (¢ C") is said
to be a solution to a system of linear equations
with n variables, xi, xo, x3,...,X, as in (1) if
we substitute a; for x;, a, for xs, as for xs, ...,
ay for x,; then, for every equation of the system
the left side will equal the right side, i.e., each
equation is true simultaneously.

Let F be a set. Then | F| denotes the cardinal-
ity of the set F, i.e., the number of the elements
in F.

Theorem 1 Let F C R"(C C") be the set of all
solutions to a system of linear equations with n
variables. Then either |F| = 1 (i.e., the system
has unique solution) or F is an empty set (i.e.,
the system has no solution) or |F| = oo (i.e., the
system has infinitely many solutions).

Example I F = {(2,1)} is the set of all solu-
tions to the system 2x; + x, = 5, x; +2x, = 4
(i.e., x; = 2,x, = 1, and hence, the solution is
unique).

F = {(a1,2a; + 3) | a1 € R} is the set
of all solutions to the system —2x; + x, = 3,
—4x; + 2x, = 6 (i.e., the system has infinitely
many solutions).

The system x; + 2x; = 0,2x; + 4x; = | has no
solutions.

A system of linear equations is called consistent
if it has a solution, and it is called inconsistent if
it has no solutions. A system of linear equations
as in (1) is called homogeneous if by = b, =

cei=by = 0.

Theorem 2 Every homogeneous system of linear
equations is consistent (i.e., (0, 0, ..., 0) is always
a solution of such system). If a system of linear
equations is consistent and it has more variables
than equations, then the system has infinitely
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many solutions. In particular, if a homogenous
system has more variables than equations, then
it has infinitely many solutions.

Two systems of linear equations are equivalent if
their solution sets are equal.

Theorem 3 If we apply one or two or all of

the following equation operations to a system of

linear equations as many times as we want, then
the original system and the transformed system
are equivalent.

1. Swap the locations of two equations in the list
of equations.

2. Multiply each term of an equation by a
nonzero quantity.

3. Multiply each term of one equation by some
quantity and add these terms to a second
equation, on both sides of the equality. Leave
the first equation the same after this operation
but replace the second equation by the new
one.

In light of Theorem 3, one can view each equation

of a system of linear equations as a row of a

matrix and each equation operation in Theorem 3

as a row operation on a matrix. Hence, we have

the following well-known row operations.

Let A be an m x n matrix (i.e., A has m rows
and n columns). Then each of the following is
called a row operation on A.

1. Swap the locations of two rows.

2. Multiply each entry of a single row by a
nonzero quantity.

3. Multiply each entry of one row by some quan-
tity and add these values to the entries in the
same columns of a second row. Leave the first
row the same after this operation but replace
the second row by the new values.

We will use the following notations to describe

the row operations stated above:

1. R; <> R;: Swap the location of rows i and j.

2. aR;: Multiply row i by the nonzero scalar «.

3. aR; + R; — R;: Multiply row i by the scalar
« and add to row j, so that row j will change
but no change in row i.

Two matrices, 4, B, of the same size , say m X n,

are said to be row-equivalent if and only if A is

obtained from B by applying a sequence of row

operations on B.
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The following type of matrices is needed in
order to achieve our main goal and solve a system
of linear equations using augmented matrices.

A matrix A, m x n, is called in reduced row-
echelon form if it meets all of the following
conditions:

1. If there is a row where every entry is zero, then
this row lies below any other row that contains
a nonzero entry.

2. The leftmost nonzero entry of a row is equal
to 1.

3. The leftmost nonzero entry of a row is the only
nonzero entry in its column.

4. Consider any two different leftmost nonzero
entries, one located in row i, column j and
the other located in row s, column . If s > 1,
thenz > j.

A matrix A, m X n, is said to be in row-echelon

form if and only if A satisfies conditions (1), (2),

and (4) as above.

01300
Example 2 The matrix A = (00010 | is in
00001
reduced row-echelon form.
1111
The matrix A = [00 14| is in row-echelon
0001

form but not in reduced row-echelon form.

The matrix A = is neither in row-echelon

form nor in reduced row-echelon form.

Theorem 4 Let A be a matrix, m x n. Then A
is row-equivalent to a unique matrix, m X n, in
reduced row-echelon form.

Consider the system in (1). The augmented

matrix of the system is

ain |b1
Aaop |b2

ap ap -
azy dx ---

Am1 Am2 *** Amn |bm

where ay;,as;,...,an; are the coefficients of
the variable x; in the system (1). In view of
Theorem 3, we have the following result.
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Theorem 5 Let A be the augmented matrix of a
given system of linear equations and let E be the
reduced row-echelon form of A. Then the solution
set of the given system is equal to the solution set
of the system that has E as its augmented matrix.

Theorem 6 Let A be the augmented matrix of a
given system of linear equations and let E be the
reduced row-echelon form of A. Then the given
system is consistent if and only if none of the
equations that correspond to the matrix E has a
Sform zero = nonzero.

Suppose A is the augmented matrix of a consis-
tent system of linear equations and let E be the
reduced row-echelon form of A. Suppose j is the
index of a column of B that contains the leading
1 for some row. Then the variable x; is said to
be dependent or leading. A variable that is not
dependent is called independent or free. If xj is
an independent variable, we understand that xj
can take any real (complex) value.

Consider the following system:

X1+ 2x0—x34+2x4 =1

—2x1 —4xy+3x3—4x4 =2
—X1 —2Xx + x3 —2x4 = ~—1

Whose augmented matrix is-equivalent to the

matrix
120215

00104
0000 |0

in reduced row-echelon form, which corresponds
to the system:

E =

X1 +2x4+2x4 =5
X3=4

0=0

No equation of this system has a form zero =
nonzero. Therefore, the original system is con-
sistent. The dependent (leading) variables are x;
and x3. The independent (free) variables are x;
and x4. Thus, x,, x4 can take any real (complex)
values. We write the leading variables in terms of
the dependent variables. Thus, we have:

X1 =5-2x—2x4
X3=4

X2, X4 € R(C)

Hence, the solution set of the original sys-
tem is

F={(5—2x3 — 2x4,x2,4,x4)|x2, x4 € R(C)}.

Matrix Operations

Let M, x, be the set of all n X m matrices with
entries from R (C) for some positive integers
n,m.If A € Myxm,then a;; denotes the entry
in the matrix A that is located in the ith row and
the jth column of A. If A € M, x,,, then we say
that size(4) =n xm.

Theorem 7 (Addition, subtraction, and multi-
plication by a scalar) Let A, B be two matrices
anda € R(C). Then A+ B and A— B is defined
if and only if size(A) = size(B). Furthermore,
suppose that size(A) = size(B), A + B = C,
A—B = D,andaA = F.Then c;; = a;j + b;j,
dl'j =dajj — bij, and fl'j = adijj.

304 1
_[—102}’3_

—2. Then A + B

Example 3 Let A

[_2 0 1:|, and o

4 21

142 540

€= [3—23}’/1_3 =D = [—521}’
—6 -8 —2
and—2A—|:2 0 _4:|.

For a matrix A € My, xm, let A, denote the ith
row of A and let A.; denote the ith column of A.

Theorem 8 (Matrix multiplication) Ler A be

an mxn matrix and B be a vxk matrix. Then the

matrix multiplication AB is defined if and only if

n = v. Furthermore, suppose that n = v and let

AB = D. Then the following statements hold:

1. Size(D) =mxk andd,-j = a,-,lbl,j —|—al~,2b2,]~+
o+ ajnby,; [dot product].

2. De; = bijAe, +byjAey ++ -+ by A, [linear
combination of the columns of A].
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3. Dy, = a1 By +ai2 By, +---+ajn By, [linear
combination of the rows of B].

Example4 Let A = [_1332} and B =
1 -2 3
05 2 Then AB is defined by
-3 7 -4

Theorem 8. Let AB = D. Then
1. Size(D)=2x3and dpz = (—3)(3)+ (0)(2) +
(6)(—4).

2. The second column of D is D¢, = —2 |:_13:| +

2 5
slo]+7[e)
3. The secondrow of D is D,, = =3[l =2 3]+
00 5 2]+6[-3 7 —4].
Note that BA is undefined by Theorem 8. In fact,
it is possible that for some matrices A, B that AB

and BA are defined but AB # BA.

Theorem 9 Let i be a positive integer and A be
a matrix. Then A" = A x A x --- x A (i times)
is defined if and only if A is a square matrix, i.e.,
A € Myxy, for some positive integer n.

Theorem 10 /. Let o, € R(C), A,B €
Myxm and let C € My«;. Then (@A +
BB)C = aAC + BBC.

2. Leta,B € R(C), A, B € Mysyu and let C €
M xp. Then C(aA 4+ BB)C = aCA + BCB.

3. Let A € Mysm, B € My, and C € Mj;.
Then ABC = (AB)C = A(BC).

Theorem 11 (Matrix-form of a system of lin-
ear equations) Consider the system in (1). Let

ap daiz - din X1
azy dpp =+ dop X2
C = , X = .|, and
Aml Am2 *** Amn Xn
by
by
B = . Then (in view of Theorem 8(2)), the
bm

matrix-form of the system in (1) is CX B,
where C is called the coefficient matrix of the
system, X is called the variables-column of the
system, and B is called the constant column of

the system.

Matrix Algebra, Basics of

Theorem 12 Let CX = B be the matrix-form of
a given system of linear equations with m equa-
tions and n variables (hence, size(C) = m X n,
size(X) = n x 1, and size(B) = m x 1). Then the
given system is consistent if and only if there are
some real (complex) numbers, 11,712, ..., Ty, Such
that B =1C¢, + 12Cey + -+ + 1, C,, i.e., B is
a linear combination of the columns of C.

Example 5 Consider the system:
X1 +2x3—x3 = —1

3x1 +5x, +2x3 =7
—X1 4+ 2xp = 6x3 = —13

1 2-—1
Then C = 3 5 2 | is the coefficient
—12 -6
X1
matrix, X = | x, | is the variables-column, and
X3
-1
B = 7 is the constant column. Thus, the
—13
matrix-form of the system is CX = B.
1 2 -1
Since B =13 |[4+0|5]+2]| 2
—1 2 —6

is a linear combination of the columns of C,
we conclude that the system is consistent by
Theorem 12, and the point (1, 0, 2) is in the
solution set of the system (i.e., x; = 1,x, = 0,
X3 = 2 1is a solution to the system).

Let n > 1 be a positive integer. Then I, is an
n X n matrix where i;; = iyp = ---
and ix; = 0if k # j. We call I, an identity
matrix. Note thatif n = 1, then I,, = 1.

=iy =1

Theorem 13 Let A be a k x m matrix. Then
Al, = Aand [} A = A.

Theorem 14 (Row operations and matrix mul-
tiplication) Let A be an n x m matrix and let
W be a row operation. Assume that we applied
W exactly once on A and we obtained the matrix
B, also assume we applied W on the matrix I
exactly once and we obtained the matrix E. Then
EA = B.
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A matrix that is obtained from [, by applying
one row operation on [, exactly once is called
an elementary matrix.

Example 6 Let A be a 2 x 5 matrix and assume
we applied a sequence of row operations on A,
and we obtained the matrix B as below:

A Ri< R, A 2R, + R — R, A, 3R, B.

Since we performed exactly three row
operations on A, we should be able to find
three elementary matrices, E;, E», E3, such that
EsE>E A = B.

—_— 01
12 R1<—>R2 E1=|:10:|=E1

L 2R + R > R, E2=[12}

01
— 30
I, 3R, E3=|:Oli|

Hence, EsE,E1A = B.

Let A be a square matrix (i.e., A € Myxn).
We say A is nonsingular or invertible if there
exists a matrix denoted by A~! suchthat AA~! =
A7'A = I,. If we cannot find a matrix B such
that AB = BA = I, then we say A is singular
or non-invertible.

Theorem 15 Let A € Myxy, and suppose that A
is invertible. Then A='is unique. Furthermore,
suppose that BA = I, for some matrix B. Then
BA = AB = I,,, and hence B = A™!.

Theorem 16 Let A € M, x, and suppose that B
is the reduced row echelon form of A. Then A is
invertible if and only if B = I,,.

Theorem 17 (Calculating A=') Let A € Myxm

and suppose that we joint I, to the matrix A,

and we formed a new matrix denoted by [A|l,].

Then

1. Suppose that we applied a sequence of
row operations on the matrix [A|l,], and
we obtained the matrix [D|F] (i.e., A is

row-equivalent to D and I, is row-equivalent
to F). Then FA = D.

2. Suppose A is a square matrix (i.e., n = m), and
we applied a sequence of row operations on
the matrix [A|l,), and we obtained the matrix
[D|F] where D is the reduced row-echelon
formof A If D = I, then F = A™".

Example 7 Let A = [4 3:|. We use

11

Theorem 29(2) in order to find A~'. We form
the matrix [A|l,] and we apply a sequence of
row operations on the matrix [A|l;] in order
to obtain the matrix [D|F] where D is the
reduced row operation form of A. We see that

D=DILand F = [_11 _43} Thus, F = A~ by
Theorem 29(2).

Theorem 18 1. Let A, B € M, «, be invertible
matrices. Then AB is invertible and
(AB)™' = B4,

2. Let A € Myx, be invertible and « € R(C)
such that @ # 0. Then oA is invertible and
(@A)~ = 1470

Theorem 19 Let CX = B be the matrix-form
of a given system of linear equations with n
equations and n variables. Then the system has
a unique solution if and only if C is invertible.

Furthermore, if C~' is the inverse of C, then
X =C"'B.

Example 8 Consider the following system in

B, where C = [4 3i|,

matrix-form CX = 11

X = [ﬂ and B = m Since C is invertible
2

by Example 7, we have X = [x11| =C'B=

X2

[—11 _43} m = [_21} Thus, {(~1,2)} is the

solution set of the system.

Let A be an n x m matrix. The transpose of A
is denoted by AT where a}} = aj;, and hence
size(AT) = m x n.

A square matrix A, n x n, is called symmetric
if AT = A, and it is called skew-symmetric if

AT = —A.
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Theorem 20 /. Assume that A, B € M,,x;, and
a,B € R(C). Then (e A + BB)T = adT +
BBT.

2. Assume that AB is defined for some matrices
A, B. Then (AB)T = BT AT

3. Assume A is a square matrix and « € R(C).
Then a(A+ AT) is symmetric and a(A— AT)
is skew-symmetric.

4. Assume A is a square matrix, then A =
%(A + A7) + %(A — AT), ie., A is a sum
of a symmetric matrix and a skew-symmetric
matrix.

Theorem 21 Let A € Myxn. Then A is invert-
ible if and only if AT is invertible. Furthermore,
if A is invertible, then (AT)™' = (A™HT.

Determinant and Cramer Rule

Let A € Muxn (n > 2). Then A;; denotes the
matrix obtained from A after deleting the i th row
and the jth column of A. Some authors called
such matrix a minor of A. Note that size(4;;) =
(n — 1) x (n — 1). If B is a square matrix, then
det(B) or | B| denotes the determinant of B.

Theorem 22 Let A be a 2 x 2 matrix, say A =

ap ap
. Then det(A) = ajiax —anday;.
ary axn

Theorem 23 (Calculating det(A)) Let A €
M. Then
1. Assume that we selected the i th row of A. Then
det(A) = (=1)Ha; det(A;)
(1) andet (4:)
+oo+ (D) aadet (Ain)
2. Assume that we selected the jth column of A.
Then
det(A) = (1) ayjdet(Ay)
+(=1)/"2ay;det (As)
+oe 4t (_1)j+nanjdw(Anj)

Matrix Algebra, Basics of

3. det(A) is unique and it does not rely on the
row or the column we select, and thus, it is
always recommended that we select a row or
a column of A that has more zeros in order to
calculate det(A).

2 43

—4 50 |.To find det(A),
320

we observe that the 3rd column of 4 has more
zeros. Hence, by Theorem 23(2) , we have

Example 9 Let A =

det(A) = (=1)*'3det [_34 ;} — 69

Let A € Muxy. If a;; = 0 wheneveri > j,
then A is called an upper triangular matrix. If
a;j = 0 wheneveri < j, then A is called a lower
triangular matrix. If a;; = 0 wheneveri # j,
then A is called a diagonal matrix. If A4 is upper
triangular or lower triangular or diagonal, then A
is said to be a triangular matrix.

Theorem 24 Let A € My,xn be a triangular
matrix. Then det(A) = ay1ax. - .Ap—1n—1ann.

Theorem 25 1. Let A € M, «,, be an invertible
upper triangular matrix. Then A™" is an upper
triangular matrix.

2. Let A € M,x, be an invertible lower trian-
gular matrix. Then A~ is a lower triangular
matrix.

3. Let A € Myxn be an invertible diagonal
matrix. Then A" is a diagonal matrix.

Theorem 26 Let A € Myxn. If one of the

following statements hold, then det(A) = 0.

1. Two rows or two columns of A are identical.

2. One row of A is a multiple of another row of
A, or one column of A is a multiple of another
column of A.

3. One row or one column of A is entirely zeros.

Theorem 27 (The effect of row operations on

determinant) Let A € M, x,,. Then,

1. Suppose that we applied row operation num-
ber one exactly once on A: A R;j< R; B.

Then det(B) = —det(A).
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2. Suppose that we applied row operation num-
ber two exactly once on A: A aR; B. Then
det(B) = adet(A).

3. Suppose that we applied row opera-
tion number three exactly once on A:
A aR; +R; — R; B. Then det(B) =
det(A).

Theorem 28 (Most used method to find a de-
terminant) Let A € M, . It is always recom-
mended that we apply row operations on A in

order to transform A to a triangular matrix, then
we use Theorem 27 and Theorem 24 to calculate
det(A).

2 1 21
21 26

Example 10 Let A = 42 51 . We use
—2-1-23

Theorem 28 in order to calculate det(A).

212 1
024 7

AR +R,— Ry, 2R+ R3— R3, Ri+ Ry — R4y B =

001 —1
000 2

Since B is obtained from A by applying row
operation number three exactly three times on A
and row operation number three has no effect on
det(A), we conclude that det(A) = det(B) by
Theorem 27(3). Hence, det(A) = det(B) = 8
by Theorem 24.

Example 11 Let A € Mauxs and suppose that

2222
_ — 011 —4
A Ri< Ry, B 2R; C = 007 3 . By
000 4
Theorem 24, det(C) = 16. By Theorem 27(1),
16 = det(C) =< 2det(B), and hence

det(B) = 8. By Theorem 27(2), 8 = det(B) =
—det(A), and hence def(A) = —8.

Theorem 29 (Characterizing invertible matri-
ces in terms of determinant) Let A € M, ;.
Then A is invertible (nonsingular) if and only if
det(A) # 0.

Theorem 30 (Characterizing consistent and
inconsistent systems of linear equations in
terms of determinant) Let CX = B be the
matrix-form of a system of linear equations with
n equations and n variables (i.e., size(C) =
n xn). Then:

1. The system has a unique solution if and only if
det(C) #0.

2. Assume that the given system is consistent.
Then the system has infinitely many solutions

if and only if det(C) = 0.

Theorem 31 /. Let A,B € Muyxnu. Then
det(AB) = det(A)det(B), and it is not
always true that det(A + B) = det(A) +
det(B).

2. Let A € Myxy. Then det(AT) = det(A).

3. Let A € M, be an invertible matrix. Then
det(A™") = m.

4. Let A € Myx, and o« € R(C). Then
det(aA) = o"det(A).

Theorem 32 (Adjoint method: calculating A~!
using determinant) Let A € M, x, be an invert-
ible matrix. Then the (i, j)-entry of A~' =

! = (—1)i+jdet(Aji)
i det(A)

(Recall: Aj; is the matrix obtained from A after
deleting the jth row and ith column of A.)

321
023 |.Thendet(A) =
001
apanay; = (3)(2)(1) = 6 by Theorem 24.
Hence, A is invertible by Theorem 29. Thus,

the (2, 3)-entry of A7! = a3 = %

Example 12 Let A =
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31 Cross-References
by Theorem 32. Now, A3 = 03 and
det(Az) = 9. Thus, a2_31 = %9 = _T% » Eigenvalues, Singular Value Decomposition

Let CX = B be the matrix-form of a system
of linear equations with n equations and n vari-
ables, say xi,Xx2,...,X,. Then C; indicates the
matrix obtained from C after replacing the ith
column of C by the constant column B.

Theorem 33 (Cramer rule: solving n x n sys-
tem of linear equations) Ler CX = B be the
matrix-form of a system of linear equations with
n equations and n variables, say xi,Xx2,...,Xn
and suppose that det(C) # 0 (and hence, the
system has a unique solution by Theorem 30 ).

det(Cy)
Then x; = W.
Example 13 Consider the system in the matrix-
1 21
form CX = B,where C = | -1 1 2|,X =
-2 42
X1 1
Xy |,and B = 2 |. Then det(C) = 12,
X3 _2
1 21 1 11
Ci=1|212|,Cb=1[-122]|,C; =
-2 -42 -2 22
1 2 1
—1 1 2 |. Thus, by Theorem 33 we have:

-2 -4 -2
x; = det(Cy)/det(C)y = =12/12 = 1,x, =
det(Cy)/det(C) = 12/12 = 1, and x3 =
det(C3)/det(C) =0/12=0.

Conclusions

In this entry, we explicitly explained and stated
all major results on basic matrix operations. We
illustrated all different methods used in solv-
ing system of linear equations using matrices.
The concept of elementary matrices and their
strong relation with row operations is explained
in details. Major results on determinant and its
use are illustrated clearly in this article.

» Least Squares
» Matrix Analysis of Networks
» Matrix Decomposition
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